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Integration

7 Let's Study

e Method of Substitution
e Some Special Integrals
e Integration by Parts

e Integration by Partial Fraction

Iﬁ\\ Let's Recall

° Derivatives

5,

5.1.1 Introduction

In this chapter, we shall study the operation
which is an inverse process of differentiation. We
now want to study the problem : the derivative
of a function is given and we have to determine
the function. The process of determining such a
function is called integration.

Consider the following examples:

(1) Suppose we want to determine a function
whose derivative is 3x2. Since we know that

3
c;i = 3x% Therefore, the required function
X
is f(x) =x3.

x? is called integral of 3x? w.r.t.x and this is
written as | 3x2 dx = &,

The symbol | , called the integration sign,
was introduced by Leibnitz. 'dx' indicates
that the integration is to be taken with
respect to the variable 'X'.

(2) Suppose we want to determine a function

o1
whose derivative is = Since we know that
X

d 1 .

— = —. ereiore, € require
- (log %) Therefore, th d
X X

function is logx. Using the integral sign, we

1
can write | [;j dx = logx, x > 0.

(-
Let's Learn

5.1.2 Definition: Integral or primitive or
antiderivative of a function.

I f(x) and g(x) are two functions such that
= [f(x)] = g(x) then f(x) is called an integral of
X

g(x) with respect to x. It is denoted by | g(x) dx
= f(x) and read as integral of g(x) w.r.t.x is f(x).
Here, we say that g(x) is the integrand.

This process of finding the integral of a
function is called integration. Thus, integration
is the inverse operation of differentiation.

For, example,
i (x4) = 4x®
dx

o[ 4xe dx = x4
But, note that
% (x*+5)=4x®

d

—(x*-8)=4x®

o X' —8)

What is the observation? Can you

generalize from the observation?

In general,

d
—((x*+c)=4x
o X +e)

where, ¢ is any real number.
Hence, in general, we write
slAddx=xt+c

The number 'c¢' is called constant of
integration.
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Note: (i) From the above discussion, it is clear that integration is an inverse operation of
differentiation. Hence integral is also called antiderivative.

(i) In[f(x)dx, f(x) is the integrand and x is the variable of integration.
(ii1) 'T" is used to denote an integral.

Integrals of some standard functions.

1 d n+l
— X" = nx" d | (ax+b) ,
— =(ax+b
dx el dx{(nJrl)a (ax+b)
.'.J.XndX: al +C1n¢—l +bn+1
n+l o] (@ax +b)dx = (ax+b)” | ¢, where, n = —1
a(n+1)

’ ilogx=£ d| +b) = L d +hy= —2
dx X dx SEYENF19) = ax+b dx @Y= (ax+Db)
'I(ljdx—log|x|+c 1 b
X N (Ljdxz logier ],

ax+b a

3| d d d
—a*=a‘log a —aP*+9=am*9(loga) — (px + q) = a”™*%.ploga
dx dx dx

a’ px+q
- Jardx = +c,a>0,a#1l | - [ar+adx = +ca>0ax=1
loga ploga

) iexzexloge:ex iep“qzep“‘*i(px +q) =e™*ip
dx dx dx

px+q
~Jedx=e+c - [ em+ady = +c
p

Rules of integration:

[k fi @) £k, £y £ K £, ()]

5.1.3 Theorem 1: If f is a real valued

integrable function of x and k is a constant, then =k [ fdetk, [ £ (et 2k, [ £,(x)dx
j [k.f(x)]dx =k j F(x)dx Result 1:
Theorem 2: If f and g are real valued Jf(x)dx =F(x)+c then

integrable functions of x, then
[[F0)+g@)]dr =] fx)de+ [ g(x)x

Theorem 3: If f and g are real valued ( SOLVED EXAMPLES )
integrable functions of x, then

[[f)-g)]de=] f()dx[g(yar (1) Evaluate [(7x—2)"d

J.f(ax+b)dxzm+c
a

2+1
Generalization of (1), (2) and (3) Solution: | = Ox=2)"
2+1)7
Corollary 1: If f, f, ... f are real (3 )
integrable functions of x, and k , k,, .......... k are o Ox=2y
scalar constants then 21
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(2) Evaluate | {(11—97 +(4t+5)4}dt

Solution : | = I( 1——] dt+[(41+5)* dt

@_—gmx(Sﬁ

T+1

(4t +5)*" "y
4+1

8
_—3(11—£j = (4t+5)° +c
20

4 2

x 3x
= =
4 2

1
3log|x|——+c¢
g| | 2x2
(6) Evaluate [ %(2x+1)3a’x

X

3 2
| = I(SX +1+12x +6x)dx

Solution: -
X

j(8x+12+6+i)dx 4x* +12x+6log|x|—7+c
x x

(7) Evaluate jM

8 3 x2+1
1 1 Solution: | = Is(x DO —a +) dix
(3) Evaluate | - dx (x* +1)
(6x+5)" (8-3x)’ 5
_ = 5 =X +D)dr=x"—=x+5x+c
Solution : 1= [(6x+5)*dx—[(8=3x) dx 3
2
-3 -8
_ (6x+5) Xl_ (8-3x) XL+C (8) Evaluate [x* (2_;j dx
-3 6 -8 -3
—1 1 1 1 Solution: 1 = [x° (4—E+2de
= J— - — | — 4 X X
(18)(6x+5)3 [24)(8—3)08 ‘
= J(4x* —12x% +9x)dx
(4) Evaluate J‘L x* ¥ X
Jx+/x-2 = 41249 e
Solution: 1= | ! \/7_ VX~ = x4—4x3+2x2 +c
-2 x—a- 2
/ 3 2
= j‘/;_ — :lj(\/;_ﬂ/x_z)dx (9) Evaluate [ *4x _6x+5dx
x—(x— 2) 2 X

EU x2dx—J(x-2)" dx]

l x3/2
— - +
2 { 32 } ‘

%I:xm —(x- 2)3/2] T

(x—2)"
32

3
(5) Evaluate: I(Hlj dx
X

Solution: 1= I(x3+i3+3x+gjdx
X X

Solution: | = I(x2+4x—6+§jdx
X

fxzdx+4fxdx—6fdx+5fldx
X

3 2
X

Z 4= —6x+5log|x|+c
3002

(10) Evaluate [(eoe* 4 o*5) gy

Solution: 1= (e " + e %" )iy

a+1 X
4 2 = a
Xt 1 3x = J(x"+a")dv=2—+ +e
= ?_§+7+310g|x|+c a+l loga
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(11) Evaluate I(e(“” +L] dt
St+1

. 5 1
Solution: 1= [e"™dr +] dt
5t+1

e (log|5¢+1|
| = + +c
(=5) 5

(12) Iff'(x) = 8x3+ 3x? — 10x — k, f(0) = -3 and
f(-1) = 0, find f(x)

Solution: By the definition of integral
fX) = [ £ '(x)dx = [(8x° +3x* —=10x — k)dx

= 8] dx+3[x*dx—10] xdx—k [ dx
x4 x3 x2
= 8—+4+3—-10—-kx+c
4 3 2
f(x) = 2x* +x° =5x> —kx +c
Now f(0) = -3 gives ¢ = -3
and f(-1) =0 givesk =7

f(x) = 2x* + x> = 5x> = 7x -3

5.2 Method of Change of Variable or Method
of Substitution

In this method, we reduce the given
function to standard form by changing variable
X to t, using some suitable substitution x = ¢(t)

Theorem 4 : If x = ¢(t) is a differentiable
function of t, then

[fode =] f[p@)] ¢ ')t
5.2.1Corollary 1:
FAC)

| f'(x)dx =
[[re] £ o)
( SOLVED EXAMPLES )
7
1.  Evaluate | de
X

Solution: Put log x =t

1a’x=dt

X

7+1

I:ft7a’t:t
7+1

+c=é(logx)8 +c

2. Evaluate | ;dx

i EXERCISE 5.1 ‘j 2x+x"
Solution: | = I;ldx
(i) Evaluate | 2 dx ZXJ{”)
Jox—4—5x-2 i X
(i) Evaluate j(1+x+§de 2x7 +1
. \/_ Put x"™" =¢
(iii) Evaluate [>X ~2YX 5 (n+1)x"dx = di
) dt
(iv) Evaluate [(3x* —5) dx Xde=-——
(v) Evaluate | U x | = J' 1 4
x(x—1) Q2t+1) (n+1)
(vi) Iff'(x) =x*+5and f(0) =—1, then find the 1 I dt
value of f(x). T (n+1)7 (21 +1))
(vii) If f'(x) = 4x3 — 3x* + 2x + k, f(0) = 1 and
(1) = 4, find f(X) _ 1 logPr+l]
n+1 2
2
(Viii) If £/(x) = = —kx+1,§(0) = 2 and £(3) = 5, | = log[2x™" +1|+¢
find f(x) 2(n+1)
| 119 |
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3. Evaluate | 4x-6 - dx
(x* =3x+5)2
Solution: | = Iz(2x—_3)3dx
(x> =3x+5)2
Put (x* —3x+5)=t
(2x—=3)dx =

I=j%=2ft(2)dt

+c

Vx?=3x+5

4. Evaluate | (x+D(x+log v)° d
—3x
+1

Solution: 1 = (—%jf(x+logx)4 (x—jdx

X

= (—ljf(x+logx)4[l+ljdx
3 X

Put x+logx=t¢.. (1+l]dx=dt
X

ATRRY
(—gjf(t) dt—( 3j5+c

(—%j (x+logx)’ +c

5.2.2Corollary 2: J.[f())} dx=log f(x)+c

dx

3x

5. Evaluatef i

e +1

Solution: Put e +1=¢

6.

1

Evaluate [~
x(logx—1)

Solution: Put logx—1=¢

dezdt
X

1
J.(logx—l)xx gy

f%dt:log|t|+c:10g|10gx—1|+c

d
+1 —(e" +x)
7. Evaluate f dx = dx—dx
e’ e +x
= e’ + x‘ +c
x-1 + e-1
8. Evaluate [£_T%
e +x°
Solution: Put e*+ xt =t
(e +exNdx =
e(e” +x")dx =
(e +xNdx = ﬁ
e
I= fl dt zlfldt :llog|t|+c
et e
= e +x°
e
1
9. Evaluate |

Solution: I = |

X
xlog x.log(log x)

1 1
log(log x) x.logx

Put log (logx) =t

11
3e¥dx = dt —dx =dt
@t logx x
dx =—
3 dx = dt
xlogx
( 120 |
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I=I%dt:log|t|+c

= log|log(logx)|+c

9 X
10. Evaluate J-IOX +10 logIde
10" +x"°

Solution: Put 10" +x'* =¢
(10".10g10+10 x")dx =
szldt:log|t|+c
t

= log‘le +x10‘+c

11. Evaluate | L
l+e™™ 1+i
ex
o —(e +1)
Solution: I = [—&— gy = [ 4x dx
e +1 e +1
ex+1‘+c
Zx_l

12. Evaluate I =I ezx N ldx
e

Solution: | = I(e—+2; X
i(e +e™)
dx jdx—dx

—X

+e

_J-e"—e
e +e”

e +et|+c

S@ ],
m:l dx=2\f(x)+c

5.2.3Corollary 3: I{

5.2.3Corollary 4:

S, @]
J{W:‘ dx = +c

=  2—+9

13. Evaluate : j

o

m dx

Solution: Put x" =¢
nx""dx = dt
x"dx=dt/n

1
1—jﬁ =—j(1+t)2a’t

(1+t)(2j vol
&
2

2
14. Evaluate | LAY
1+x°

1+x" +¢

1
.

Solution: Put 1+x° =¢
3x’dx = dt

ia’t 3x’dx = dt

I:J\/;

= Wi+e=241+x  +¢

Integral of Type: j(ax+b) ex+d dx

15. Evaluate [(2x+1)x—4dx

Solution: Put (x—4)=t
dx = dt
x=t+4

I = [[20+4)+1Nt di =2t +9Wr dr

3 1
= I(ztz +9t§jdt =2jt2dt+9j't2 dt

IGIH : ;

(Sj m+c=%(x4)2+6(x4)2+c
2 2

-1
16. Evaluate j (5-3x)(2-3x) 2 dx

1121 )
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Solution: Put2 —3x =t ljSt2—3Ot+45+81—24+28
~3dx = dt [3]
4r?

dx = —dt / 3 Also x = (2 - 1)/3 i
lJ-SI 221+ 49

| = j[s 3[2 ’ﬂ o j[ jtj ] ()

_?1 [5-2+ o)t -1 j {51 ol a0l ] dr

dt

dt

-1 ) :
?f(3+t)(t) dt ) —jt ]dt_zz Udz 489 Udt

3 [3@)(;] +(z)@]d’ s 3 8 g 5

g o) T 33 A A te
- 2Ll 3 ‘G G
= ?J.t dt—gjtzdt ) 5 5
5 11
H 3 = (2x+3)P——(2x+3)"?
otz 1t 12( ) 2( )
T 1y 33 ¢ 49
3 ) [
_ 2J2-3x
18. Evaluate d
3 I(1+x4)2x

2 2
-——(2-3x)+c
5273

7 4.3
Solution: Let, I = | de=[—22~

’ 1+x* 1+x*)
17. Evaluate Jw dx ( ) ( )
2 PUt]+ 4:[
(2x+3)? X
Solution: Put2x +3 =t S AXdx =dt
2 dx = dt x%ix:ﬁ
dt 4
dx = — .
2 Also x" =¢-1
Alsox:(t;S) (—1dt 1.1 1
2 I= —Z—Z—I -—= dt
®" 4 4 \r ¢

AR e

t(gj 2 47\ ¢ 4
1 -1
1 (f _Zt+9] 2(1-3)+7 = Zlog|t|———+c=—log|t|+——+c
= = 5 dt
? t[ij = =lo ‘1+x4‘+l ! +c
i 414
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i EXERCISE 5.2

J

SOLVED EXAMPLES )

Evaluate the following.
(i) j xV1+x7dx

iy [ L

I+x*

(iii) j (e +e ) (e" —e ) dx

(iv) le;x _ d

(V) j(x+1)(x+2)7(x+3) dx
v lej)-gx dx

vii) | xsz dx

2x+6
(wu)fﬁ dbx
, 1
e
1
x(x° +1)

dx

dx

® [

1)

[ Activities

4e* —25
2¢" -5
Put Numerator = A (Denominator + B

dx

Evaluate j

(i Denominator)
dx

4e* —-25

AQ2e" —5)+B{i(2e’c —5)}
dx

AQ2e" -5)+B(2eY)
(2A+2B)e" —54

Comparing the coefficients of e* and
constant term on both sides, we get

24+2B=4 & -25=-5A
A=5and B=-3

. 4e"=25=5(2¢" -5)-3(2¢")
L = .[5(26" —5)—3(26’)dx
2¢" -5

[FEECRPS
2e" -5

2e"

5lax—3]
T e s

dx

5x—3log‘2e" —5‘+c

For each of these integrals, determine a : EXERCISE 5.3 ‘j
strategy for evaluating. Don't evaluate them,
just figure out which technique of integration Evaluate the following.
will work, including what substitutions you 2
. 3e" +5
will use. 1) J. 5 dt
1 3 4e” -5
1 dx 2 d
) leogx ) J.x2+5x+4 N 20-12¢"
2) j ==
5 . 3e¢" -4
3) [ m——dra) [
NxP+5x+7 36—e* 3e" + 4
3) J' = dr
2¢" -8
“+b x
5.3 Integrals of the form jaex y 2) J-2e +5 it
where a,b,c,d € R ce + 2¢" +1
| 123 |
N———

Get More Learning Materials Here : &

@g www.studentbro.in



5.4.1 Results

1 1 xX—a
1. dx=—7/o +c
sz—az 2a gx+a
1 1 a+x
2. dx=—1Io +c
J.az—xz 2a & a-—x
1
3. —dx:log‘x+\/x2+a2‘+c
J‘ /x2+a2
4 j;dx—lo ‘x+ x'—a’|+c
. VX' —a’ e
( SOLVED EXAMPLES
Evaluate the following.
1
d
L '[9)62—4 g

Solution: | = lj; dx
9

3x-2
3x+2

0
12g

1
2. d
I16—9x2 *

dx

jution: 1= = |
Soutlon.l—-9 E_xz

L«
’ Vox? +25

) 1 1
Solution: | = 5-[— dx

1 1
:EJ.—2 dx

(5]
X4, X+ =
3

1
J‘\/4362 -9 &

1 1
Solution: | = —I dx
2

= llo +c
= 3 g

4.

= —log +c

1
——d
J‘x\/(logx)z -5 )

Solution: Put logx =t .'.ldx:dt
X

1

? [=]——dt
- lj"; JEE=(/5)?
9° 4y
3 X = loglt+ tz—(\/g)2
—+Xx
=
= l ! log3 +c o8
9 (4) 4
27 o
3 3
_ 1, |4+3x
T 24 Cl4-3x
| 124 |
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5.4.2 Integrals of the form J' dxwhere
degree (P(x)) > degree (Q(x)).

P(x) d

Method: To evaluate I

1. Divide P(x) by Q(x).

After dividing P(x) by Q(x) we get
quotient ¢(x) and remainder r(x).

2. Use Dividend = quotient x divisor
+ remainder

P(X)

Px)
o)
P(x) r(x )
— d

J o o™

3. Using standard integrals, evaluate 1.

q(x) x Q(x) + r(x)
r(x)
O(x)

= Jq(x) dx +

= q(x) +

( SOLVED EXAMPLES ]

1. Evaluate [ = fwdx
x* -1
+x+1
Solution: I= fldx
x* =1
x=0
D=x"— 1)’ +x+1
— x3—x

+2x+1=R

[:I(Q+%] dx

I j{ 2x+1}dx
x -1

1
ax’ +bx+c

In order to find this type of integrals we
may use the following steps :

5.4.3 Integrals of the type I

Step 1 : Make the coefficient of X2 as one if

it is not, then lj‘;dx
a 2 b C
X+ =x+—
a a

Step 2: Add and subtract the square of the

2
half of coefficient of x that is (Zij to complete
a

1 1
— dx =
the square B I

x| | - |
a 2a 2a a
1 1
— dx
-l

( b T 4ac—b*
X+— | + .
2a 4q

( SOLVED EXAMPLES )

Evaluate the following.
1
L I2x2 +x-1 o

) 1
Solution: | = EIT dx

2 2
1 1
= = dx
2 111
2 16 16 2
1 1

1 4
= J.xa'x+J. 22x dx+j 21 dx = 5 3 log 1 3 tC
X -1 X -1 2 - x+— |+=
5 : 4 4) 4
_ X 2 _ L
= 7+log‘x 1‘+J-x2_ sdx+c 1
e = llog Col+c
= —+lo x =1+—=lo +c
2 g‘ ‘ g x+1 x+1
[ 125 |
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1 2x—1
—log
3 2(x—+1)
1
2. —— dx
J‘1+x—x2
1
Solution: | = I dx
1 1 )
I+———+x—-x
4
I 1 ! 7 dx
= (Hj_(xz_ﬂj
4
1
I 2 2‘h
= (s} (ot
2 2
5 1
1 2 2
log +c

3.]

e +6¢*+5

1

—lo
J5

5_
—|+c
& J5+1-2x

X

€ dx

Solution: Put e* =¢

e'dx=dt

j dt
£ +61+5

I dt
£ +6t+9-9+5

dt
J(t+3)2 -2?

1

ey

1

Solution: | = f—z dx
AVx°=5x+6
f ! dx
Jx -5x +z§_2§ 6
4 4

I
&

|
—
o
e}

I 2x+1

Vx? +2x+3

(2x+2)-1

VxP+2x+3

I 2x+2

dx
e e S VO I S
VX +2x+3 ) J.\/)c2+2x+3

Solution: 1= I

2UX* +2x+3 ~log ! ‘

\/(x2+2x+1)+2‘

=24/x? +2x+3—log‘(x+l)+\/x2 +2x+3‘+c

6. I x+1

Vx? +3x+2

A—(x2+3x+2)+B
dx

Solution: x+1=

x+1=A4A2x+3)+B=2Ax+34A+B

_ |(l+3) 2| 24=1 and 34+ B=1 Solving we get
B 2(2) e’ C 1 1
A=— and B= —
2 2
= 140 ex+1+c
PR P —(2x+3)—5
[=[2—2
— Vx? +3x+2
\ 126 |
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IJ' 2x+3

2 VX +3x+2 Vxt +3x+2
= %\/x2+3x+ —%j ! dx

{2

(x+%j+\/x2 +3x+42

dx——j

VX +3x+2—% log

54.4 Integrals reducible to the form
j; dx

Nax? +bx+c

To find this type of integrals we use the
following steps:

Step 1: Make the coefficients of x* as one

if itis not, ie _[—
Jao [ b e
a a

Step 2: Find half of the coefficient of x.

Step 3: Add and subtract (%coeff.of X)?
inside the square root so that the square
root is in the form

b\ 4ac—b* 4ac—b bY
x+— | + —or — | X+ —
2a 4a 4a 2a
Step 4: Use the suitable standard form for
evaluation.

( SOLVED EXAMPLES )

dx

I xy/(logx)* -5

Solution : Putlog x =t

& _
X

1
- s
1

+c

[+ tz—(\@)z
log‘logx+\/(logx)2 —5‘+c

I x*dx

Vxt+2x°+3

log

*t¢ Solution: Put x* =1

3xidx =dt: xdx = %
dt

1
s
EI\/t2+2t+1+2

= %log (t+D)+t*+2t+3
1
= Elag (t+1)+NE +2t+3|+c
= %log (x3+1)+\/x6+2x3+3‘+c
5.4.5 Integrals of the form pPX+q
9 J'\/ax +bx+c

To find this type of integrals we use the
following steps:

Step 1: Write the numerator px + q in the
following form

px+q=Ai(ax2 +bx+c)+B
dx

Step 2: Obtain the values of A and B by
equating the coefficients of same power of
X on both sides.

Step 3: Replace px + q by A(2ax + b) + B
in the given integral to get in the form of

J‘ px+q

Jax? +bx+c

_AJ' 2ax+b BJ'

ax? +bx+c ax’ +bx+c

tz_(\/g)z = 2AV |ax? +bx+c‘+8m
(127
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( SOLVED EXAMPLES )

I 2x+38 v

VXt +6x+13

Let2x+8=Adi(x2+6x+13)+B
X

2x+8=A(2x+6)+B

A=1B=2
2x+6 2

= dx + dx
I\/x2+6x+13 '[\/x2+6x+13

= ¥ 613+ 2log|(x+3)+Va +6x+13] e

Solution : Let2x + 1

1 1
—(2x+3 —
5 (2x+3)

2 [—2——
‘[\/x2+3x+2 '[\/x2+3x+2
1
Ly vax+2 — ~log
2 2
3 3V (1Y
X+— |+, ]| x+=| | = | |[+cC
2 2 2
1
lj (2x+3) e f 2 i
2V P axa2 J[ 3) U
2
\/X2+3X+3—%log (x+%}+\/x2+3x+2 +c
J‘ 2x+1
Nx2+2x+1

A—(x2+2x+1)+B

(using J'Md =3/ (x)+c inthe 1¥integral) - A(2X+2) *B
f(x) 2x+1= 2Ax+(2A+B)
5 J. x+1dx Comparing the coefficient of X, we get
' x+2 2=2A and 1=2A+B
1)(x+1) A=1 and B=-1
= —d
Solution: | = J x+2)(x+1) X J‘ (2X+2) 1
il VX2 +2x+1
—dx
'[\/x2+3x+2 = j—(2x+2) dx — I—l dx
d VxT+2x+1 VX +2x+1
Letx+1=Ad—(x2+3x+2)+B
X
J (2x+2) ax _J' 1 i
=A(2x+3)+B Vx? +2x+1 J(x+1)?
Comparing the coefficient of X, we get = 5 m B log|x N 1| e
1=2A and 1=3A+B
_1 _ - 1+x
A—zandB— 5 4. J' de
Toxey-!
I+ x)(1+x)
dx = gdx Solution: | = L0l+y) ,
J.\/x +3x+2 '[\/x +3x+2 o j x(1+x)
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:J‘ (1+x) i
\/x +Xx

Letx+1=A—(x2+x)+B
dx

Xx+1

1=2A and 1=A+B
1
A=—-andB= -
2
1 1
J' x+1 dx— 5(2x+1)+5dx
Vxt+x VXt +x
1
—(2x+1) —
= 2 dx+j 2 dx
X +Xx X +Xx
1
IJ-(2x+1) 9

\/x +X

1.5 1 1 1 (1Y
—2Vx"+x+—log| x+— |+,/| x+=| —-| =
2 2 2 2 2

Vx* +x+%log (x+%j+\/x2+x

+c

= A(2x + 1) + B = 2Ax +(A + B)

Comparing the coefficient of X, we get

.

EXERCISE 5.4

Evaluate the following.

1) j4x21_1dx
1
D [
1
3) J.4962 —20x+17dx
4) I4x4—2xox2—3dx

5) J.x—dx
6) Iﬁdx

1
——dx
7 J‘7+6x—x2

o |
V3x® +8
1
[—
Vx? +4x+29

L d
10) "‘\/3)c2 -5 )

1
11) | ———dx
Jsz —8x-20

5.5

5.5.1 Theorem 5: If u and v are two functions of
X then

[uv dc=ufv dx—j[jv dx%} dx

The method of integration by parts is used
when the integrand is expressed as a product of
two functions, one of which can be differentiated
and the other can be integrated conveniently.

Note:

Integration by Parts.

(1) When the integrand is a product of two
functions, out of which the second has to
be integrated (whose integral is known),
hence we should make proper choices of
first function and second function.

(2) We can also choose the first function as
the function which comes first in the word
‘LAE" where

L - Logarithmic Function
A - The Algebraic Function

E - The Exponential Function
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( SOLVED EXAMPLES

1. [xe%dx

Solution: | = xfezxdx—j[%(x)_[e“dx} dx

1
=
x
|
I
o
|
+
o

2. Jlogx dx
Solution: I = J(logx).1 dx

xlogx — J.lxdx +c
X

xlogx — [ dx + ¢

X(logx—1)+c

3. [x%log x dx
Solution: 1 =] (log x)x® dx

= (logx)j X dx — I[% (logx)j x3dx} dx

x* log x
4
x*logx 1 x*

= 4 44

1 X’dx+c
|

x*logx x*

(logx) [ 1.dx — J[% (logx)jl.dx} dx

= [(logt).1 dt

- (zogz)j 1.dt - j { (logt)j ldt}
= tlogt— j tdt + ¢

= tlogt- j dt+c

= tlogt-1)+c
=  (logx).(log (logx)-1)+c
5. _[x.2‘3xdx
Solution: I = x j (27" )dx — j {%x j (23x)dx} d

@) @™
“3(log2) —3(IogZ)dX+C
(27

S3(log2) 3(log2 j(z- Jebere

x(27%) 3 1 27 te
-3(log2) -3(log2)\ —-3(log2)
X271 1,
3(log2) 9(log2)’

Integral of the type Ie" {(f(xX)+ f'(x)}dx
These integrals are evaluated by using

[etf @+ ode=e f(x)+c
1 J-ex(xlongrljdx

. X

Solution: I = _[e (Ing+ jdx

Put logx=f(x) [f'(x)=—
X

4 16
log(logx) 1 Jertf 0+ e = e f(x) +e
4, IT dx :flog (logx) % dx = e'logx+c
Solution: Put log x =t
l (1+X )
~ =t 2 e (1+x)
I = Jlogtdt _ L =1)+2
Solution: | = Ie e dx
[ 130 |
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= J.ex[x—_l+%} dx
x+1 (x+1)
PUt f(x) =21
x+1
2
(x+1)2
[t/ @+ ode=e f(x)+¢

x(x—l)
= e | —— |+cC
x+1

[e* de
(x+4)2

. (x+4—21) i
(x+4)

Ie{ 11 Z}dx
x+4 (x+4)

Put f(x):ﬁ and f'(x)=-

f'x)=

Solution: I = Je

-
(x+4)
[e tf @+ frotde=e f(x)+c

X

= e
x+4

+c

Integrals of the type J'\/x2 + azdx,j\/xz —a’dx

2
I\/az +x°d =§\/a2 +x° +%log‘x+\/a2 +x°

+c

+c

2
I\/xz —aza’ng\/x2 -a° —%log‘er\/xz ~a’

In order to evaluate integrals of form
I\/ ax® + bx + ¢ dx we use the following steps.

Step 1: Make the coefficients of x? as one
by taking a common.

After applying these two steps the integrals
reduces to one of the following two forms

Na* +x* dx,fxlxz—az dx which can be

evaluated easily.

( SOLVED EXAMPLES )

1. J.\/4x2+5 dx

. 5
Solution: I = j2,/X2+Z dx

= 2I x2+(§j2 dx

= 2 E‘/x2+§+ﬂlog x+‘/x2+§ +c,
2 4 2 4

- %\/4x2+5+%log‘2x+\/4x2+5‘+c

2. Iv9x2—4dx
/ 4
Solution:I=I3 x2—§ dx
22
= 3, [xX -] 2| dx
e-3)
SR —ﬁlogx+ 2od
27 9| 2 V¥ 9

_ §\/9x2—4—§log‘3x+\/9x2—4‘+c
3. .[sz—4x—5dx

Solution: | = I\/(x2 —4x+4)—9 dx

+¢

= j (x—2)2—32 dx

2
Step 2: Add and substract L in o X=2 1
b 2a = 5 X" —4x-=5
+2x+ S to get the perfect square
a d —210g ‘(x—2)+\/x2—4x—5‘+c
. ( bjz dac—b’ 2
Clx+— | + 5
2a 4a
| 131 |
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4.

j J1+ (logx)’ i
X

Solution: | :j,/1+(zogx LN
X

Put log x =t

la’x:a’t
X
= j\/1+t2 dt

- % 1+¢ +%Iog‘t+\/l+tz

(logx)\/1+ (logx)’
2

+c

+%log‘(logx)+\/1+(logx)2 +c
5. jex\/ezx+l dx
Solution: Lete* =t
e'dx=dt
= J-\/tz+1 dt
= %tz+1+%log‘t+\/12+l‘+c
X / 2x
= %+%log ex+\/62x+l‘+c
6. j\/x2+4x+13 dx

Solution: | = _[\/x2+4x+4+9 dx

= JA\/(x+2)2+32 dx

- —ng (X+2)* +3°

32
+=-log ‘(x+2)+\/(x+2)2 13

7. _[\/x2+x+1 dx

1
Solution: | = I x2+x+—+E dx
\ 4 4
1V (BY
Wxea) 5 )

\/52
_ l(x+lj\/x2+x+1 (2]
= 2" 2 N

2
log x+%+\/x2+x+1 +c

Integrals of the form f(px+q)\/ax2 +bx+c dx

( SOLVED EXAMPLES )

[=I(3x—2)\/x2+x+ldx

Solution: We express 3x—2=4

d(x2+x+1)+B
dx
3x-2 =AR2x+1)+B

= 2AXx+(A+B)

Comparing coefficients of x and constant
term on both sides.

2A=3andA+B=-2
A=3/2and B=-7/2

[:J'B(zxﬂ)—ﬂ\/xz +x+1dx
- %I(2x+l)\/x2+x+l dix
—J%\/xz +x+1dx

Let

=[x+ VX +x+1 dx,
I, :_77J.\/x2+x+1 dx

+c
Put x> +x+1=¢ in l,
+2
. xz Jx? +4x+13 Vo= [Vrde= [
t3/2
+%log ‘(x+2)+\/x2+4x+13‘+c = 3737%¢
( 132 |
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x—1

_ g 2 3/2 7 ex I
l, = 3(x +x+1)7" +¢ ) j (x+1)°
_ e
|2 = 7‘[ X" +x+1dx 8) Iex|:(logx)2+2ligx:| dx
- iF(X+ljx/x2+X+l +§log 9) j LI
22 2 8 logx (logx)’
‘(X+EJ+\/X2+X+1H+C2 10) J‘ logx
2 (1+logx)
I = L+ . .
5.6 Integration by method of Partial
Fractions:
i EXERCISE 5.5 ‘j . .
5.6.1 Types of Partial Fractions.
Evaluate the following. (1) If f(x) and g(x) are two polynomials then
f(x)/g(x) is a rational function where g(x)=0.
1) [xlogx (2) If degree of f(x) < degree of g(x) then f(x)/
2) J’ 2 o4 dy g(x) is a proper rational function.
s o (3) If degree of f(x) > degree of g(x) then
3) I dx f(x)/g(x) is improper rational function.
4) [xeax (4) If a function is improper then divide
{1 f(x) by g(x) and this rational function
5) Ie"(___jdx can be written in the following form
x X f(x) Remainder
¥ 2= = Quotient + ——  and can
6) j x g(x) g(x)
(x+1) be expressed as the sum of partial fractions
using following table.
Type Rational Form Partial Form
1 pxtq A N B
(x—a)(x—b) x—a x-b
) pxitgxtr 4 + B + c
(x—a)(x=b)(x—c) x—a x-b x-c
pxtgqg A B
3 2 + 2
(x—a) x—a (x—a)
A _pXiEgxtr 4 B C
(x—a)*(x—b) x—a (x—a)’ x-b
5 px*tgxtr A " B n C n D
(x—a)’(x—b) x—a (x—a)’ (x—a)’ x-b
px>tgxtr A N Bx+C
6 (x—a)(ax’ £bx*c) x—a ax’*tbxtc
where, ax® £bx % c is non factorizable
133 ]
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( SOLVED EXAMPLES )

1
1. _
J-xz+5x+6

x+1
(x+2)x+3)

x+1 _ A N B
(x+2)(x+3) x+2 x+3

x+1=A(x+3)+B(x+2)

Solution: I = I

Consider

Putx=-2and we getA=-1

Purx=-3andwe getB =2
X+1 -1 N 2
(X+2)(x+3) x+2 x+43

x+1 2
C [ e i
X +5x+6 (x+2 x+3j

S e e

—log|x+ 2|+2log|x+3|+c

J‘ x> +2
(x=D(x+2)(x+3)
Solution: I = Consider
x*+2 ! N B N C
(x-D(x+2)(x+3) x-1 x+2 x+3

X+2=AX+2)(x+3)+B(x-1)(x+3) +
Cx-1)(x+2)

11 1

_I_d 2 43543

dx

ilog|x—l|—210g|x+2|+%log|x+3|+c

J log x
x(1+1logx)(2+logx)

Solution: Put log x =t

de=dt
X
[

1+6)2+1)

t ! N B
A+0)2+1) 141 2+t
Putt=-1 A=-1

Consider

1

g,
_I_
N
=

= —log|t+ 1| + 2log|t + 2| + C
= 2log]|log x + 2| — log|logx +1| + ¢
= log|(logx + 2)|? - log|(logx + 1)| + ¢

dx

Jx3—4x2+3x+11
X +5x+6
x+1=0

Putx =1 A=14 x2—5x+6)x3—4x2+3x+11
Putx=-2 B=-2 (P55 4 62)
Putx =-3 C=11/4 m
x~—3x
2
X“+2 :l/4+—2 +11/4 _ (x2—5x+6)
(X=D(x+2)(x+3) x-1 x+2 x+3 S5CR
X =
X +2
= 3 2
I(x—l)(x+2)(x+3) Express x —4x +3x+11:Q+£
x> —5x+6
11
— 2X+5
1/4 2 4 — (X+1)+—
= — + da 2 _
! '[ x—1 x+2 x+3 * X" —5x+6
[ 134 |
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| = dx

J-x3 —4x* +3x+11
x*—=5x+6
2x+5

_ j(x+1)d +j e
x? J~ 2X+5 dx-+c,

= —+X+|
2 X°—5x+6

2x+5 _ A N B
X =5x+6 x-2 x-3
2X+5=A(X-3)+B (x-2)
Putx=2wegetA=-9
Putx=3weqgetB =11

Express

2x+5 9 N 11
X*=5X+6 X-2 X-3
NG -9 11
| =—+ X+ || —+—— | dx+cC
2 X—2 X-3

X3 —4x* +3x+11 x?
:I > dx=—+X
X°—5Xx+6 2

—9log|x—2| +lllog|x—3|+c

J‘ 3x+1
—— ax
(x—=2)*(x+2)
Express

3x+1 4 N B C
(x=2*(x+2) x-2 (x=2)° x+2
X+1=AKxX-2)(x+2)+B((x+2)+
C(x-2)
Putx=2 B=7/4
x=-2, C=-5/16

Comparig Coefficients of x? on both sides

we get
A+C=0 A=5/16
Bl T2
3x+1 16 .4 16
2 - 2
(X=2)y"(x+2) x-2 (x=2) x+2

5 1 dx+zJ. 1 5 1

[=— S ax —— X
16 (x=2) 167 x+2

5 1
[ =—log|x— —————lo x+2/+c
16 g| | -2) 16 g| |
ﬁ EXERCISE 5.6 j
Evaluate:

2x+1

b J(x+1)(x—2) g

2 | (% 2)16);1 He
) i

R ey (x—1) (x+2)
5) | % 2

a)jldx

x(x* +1)

7)j1dx

x(x"+1)
5x°+20x+6
8 ——dx
) -[ X +2x7 +x
[ Activity ]
x—1
Evaluate: I—
(x=3)(x-2)

(], []

ow,
(x=3)(x-2) (x-3) (x-2)

There is no indicator of what the numerators
should be, so there is work to be done to find
them. If we let the numerator be variables, we
can use algebra to solve. That is we want to find
constants A and B that make equation 2 below
true for x = 2,3 which are the same constants that
make the following equation true.

[ 135 |
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-1 A B 1 l +b
_x — = [_] n [_] ) 7. J' di = 0g|ax |+c
(x=-3)(x-2) (x-3) (x-2) (ax+b) a
X—1=AKxX-2)+B(x-23) 2 o
[Ix+01=0 I+ 1@ 3 [etdr=t—se
Note: Two polynomials are equal if ek al*
corresponding coefficients are equal. For linear 4 -[ ar dv= b.loga e
functions, this means that ax + b =cx +d for all
X exactly whena=candb=d 5 I./xz +a% dx
Alternately, you can evaluate equation (2) 5
for various values of x to get equations relating = EI\/xz +a’ + a—log‘x+ VXt +a’l+ce
A and B. Some values of x will be more helpful 2 2
than others 6. J» m e
[ 1=1 ] )
[ 1=] ] = J%sz—az—%log‘x+\/x2—a2 +c
continue solving for the constants A and B. £(x)
A- B- 7. jf(x) dx =log| f (x)| + ¢
x-1_ [] N [] 8. jf'(x)dx=2 F(x) +e
(x=3)(x=2) (x-3) (x-2) V()
. ' - [f(x)]nﬂ
N R [] de+ | [l 4 o [/l f@d=tm—rens -
(x=3)(x-2) (x-3) (x—-2) | |
| = + + 10. I dx =—7Ilog +c
[ 1+1 1+c x’—a’ 2a X+a
g 11. I 21 zdx:ngaH +c
Let's Remember a —x a ja-x
dx 5
Rules of Integration: 12. I s _IOg‘er X o+a ‘+c
1. J[f(x) £ ()] dx = | f(x) dx + [g(x)dx
: 13. J. dx =log‘x+\/x2—a2 +c
2. Jkf(x) dx =k [ f(x) dx ; where k is a constant. I —a?
3. If[f(x) dx = g(x) + c then,
[f(ax + b) dx = 1g(ax+b)+c;a;at0
a
Standard Integration Formulae.
n+l
1. j(ax+b)"dx=M+c;ifn¢—1
a(n+1)
1 136 |
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MISCELLANEOUS EXERCISE -5 :l

c) —logx+log(l-x)+c

d) log(x—x?)+c
I. Choose the correct alternative from the
following. e
DI Py i
1) The value of | —
J. 1=x 1 x+2
a) —log +c
a) 2Jl-x+c b) —2Jl-x+c 15 “|x-1
8
c) d) x+c AEEEL N
Jre T o
2) I\/1+x2dx: 0 ilog X8|
15 x+7
Q) I+ log (e ia) e Q) (x-8)(x-7)+c
2 2\3/2
by —(+x7)"+c Y
f - 7) j(x+;j dv =
X
) —(I+x)+ d —=+c
R -
a) —(X+—j +c
3 4 X
3 203y e =
) jx (3)° dx ) o |
a) 3y b) L+c b) x—+i+3logx——+c
B e 3.log3 4 2 22
c x? d) x(3)° . 5
) 1og3(3)" +c¢  d) X(3) c) %+37+310gx+i+c
X
d (x-x71)+c
4) J-f;zdx: j—f”6 4+
2x°+6x+5 2x°4+6x+5 2
d 2X+ -2x
[——% then P=2 8) J[i] .
2x"+6x+5 e
1 1 1
a) - by - - N i
) 3 ) > a) e o c b) e
. 1 .
c) i d) 2 c) e +3e3x+c d e
-2 _
5 [—% - 9) [(-x7dr =
(x=x%) a) (I+x) +c by (1-x)"+c
a) logx—log(1-x)+c
) g g( ) C) (1-x)" -1+c d) (I—X)71+1+c
b) log(l-x*)+c
| 137 |
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(x> +3x +3x+1)

IV.

Solve the following:

10) j (x+1) dx 1) Evaluate.
-1 -1 js 5x* —6x+3
a) —+ b) | —| t¢ [ T
) x+1 ¢ ) (x-i—l ) I 2x-3 d
c) log(x+1)+c d) log|x+1f+c 4
i) j (5x+1)° dx
Il.  Fill in the blanks. .
6 iii) | dx
1 IS()i D o X X 4B G (2x+3)
X“+1
x—1
iv) dx
2. I% =X+t C '[Vx+4
X X
| S v) If f'(x) = /x and f(1) = 2 then find the
3. If f'(x)=;+x and f(l):E then value of f(x).
2 . .
PRI S 0 Jfar it <o
1+1 d
4. To find the value of J‘% the 2) Evaluate.
proper substitution is .........
5. J.L}[logxq2 dx = p(logx)’ +c then P = ) 1+e"
X
...... ii) J‘ aeix + beix dx
(ae™™ —be™)
I11. State whether each of the following is 1
True or False. iii) Jm dx
1. The proper substitution for
Ix(xx)x(Z log x +1)dx is (X)* =t _ 1
iv) J NP dix
2. Iff xe?dx is equal to e2f(x) + ¢ where C is
: : . (2x-1) 2¢" -3
constant of integration then f(x) is ———  v) J dx
2 4e* +1
3. Iffxf(x)dx= & then f(x) = e
3) Evaluate.
(x—1) dx . dx
4, = A4 log|x+1| + B log|x—2 [ B
it o T = A ol +Blogh2l i) [
thenA+B = 1
.. dx
- U e v
5. For s e'dx = e f(x) + ¢, f(x) =
(x+1) e
(x + 1) iii) j oy
| 138 |
N——

Get More Learning Materials Here : &

@g www.studentbro.in



.[ e’ i [ Activities ]
Ve +4e" +13 |
—2xd
| dx b I(x2—5x+4) e
x[(logx)* + 4logx —1]
. dx Solution: 2x = ¢ + D
Vi) Js_w [0 1 14

2x=C(x—-4)+D (x-1)
vii) I

25x— x(logx) . C= D=

j(x Dy = H= I{(x—l) i (x—4)} dx
4) Evaluate. —
i) j (logx)*dx

j(x—l) dx+_[(x_4) dx

| = + +C
i) I"sz di
(2+x)
13/2 1+ 5/2 1/2d
i) [ xe*'dx 2) [P0 ds
Solution: ,[XDX3’2 (1 + x5 dx = I(X5/2)2 X312
Jlog(xz + x)dx (1 + x52) dx
let1+x52=t
Ie&dx
dx = dt
I\/x2+2x+5dx 2
L= 5 [ (t—1)2t¥2 dt
vii) j Vx? —8x+7dx 2
= 3 J(©—2t+1)t2dt
5) Evaluate. 2
) = = [ dt—J dt+ dt]
: 3x-1 5
) [l
2x"—x-1
= % - + }+cC
. 2x° =3x” - 9x+1 =51
i) [ dx
2x"—x-10
3 J- dx B
i) | (+logxr) (x+2)(x” +1)

x(3+logx)(2 +3logx)

1 I:I Bx+C

(x+2)(x* +1) (x+2) (x* +1)

Solution:

1139 |
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1=A*+1)+Bx+C)(X+2
(¢ +1) + ( ) (x+2) | L = f(@)+c=f(x)+ C. then the

1 5
Put x = -2 we getA= < kX
Now comparing the coefficients of x* and value of J. x! dx is equal to ............
constant term, we get x+x
O=A+B 4 _
]:J' x+1- dx =
and 1=A+2C X+ X
-1 2 1 1
B=— , C== =~
5 5 J.x dx J-x5+xdx
1 _L 1, 0x+0 I= -  +c
(X+2)0C +1)  (x+2) (X" +1) I=logx—f(x)+¢, .o ¢ =—C

dx Cx dx
= - dx +
J.(x+2) x> +1 g DszJrl

= - + +C

L)

%
o
%
o

%
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